Using the monotone dynamical systems theory, we study in this paper a model of Herpes simplex virus type 2 transmission. It is a three compartmental model with relapse and delay. Sufficient conditions of global stability are given. Numerical simulations support our analytical conclusion and a discussion explains possible behavior of the model.
Introduction :
Herpes simplex virus type 2 ( HSV-2 ) is spread through sexual contact. There is no cure for Herpes, and an individual once infected remains infected for life, the virus reactivates regularly, consequently a relapse period of infectiousness is usually observed.
Many mathematical approaches have been developed to explain, predict and control the dynamics of herpes infection. In 1990, an SIRI ordinary differential equation's model for Herpes was proposed by Tudor : a basic reproduction number R 0 is identified, and it was proved that R 0 is a sharp threshold determining whether or not the disease dies out or approaches an endemic equilibrium [23] . Then, Moreira and Wang studied the same model for more general incidence functions [14] . After that, Blower et al. given in [5, 4] many ordinary differential equation's models for Herpes : one of them was a six compartments model to predict " how much drug resistance would emerge if antiviral treatment rates of herpes were increased " [24] .
Our model was presented by P.van den Driessche et al. in [24] . In this work,the population is divided into three compartments, the relapse is represented by a function P(t) which is the fraction of recovered individuals remaining in the recovered class t units after recovery. The dynamic of the model is studied for three forms of P(t). The case P (t) = e −αt leads to an ODE ordinary differential equation's model given in [6] by Diekmann and Heesterbeek, here we have a negative exponential relapse distribution with relapse rate constant α. When P(t) is a step function the disease transmission is represented by a delay differential equation with a single delay. In [24] sufficient condition for global stability of the endemic equilibrium was given, but -as noted in [24] this condition is not realistic for Herpes simplex virus type 2, because it holds when the average infective time is greater than the average time that an individual remains recovered before relapse. Based on the monotone dynamical systems theory, our study has shown that the global stability of the endemic disease equilibrium can hold even if the average infective time is less than the average time that an individual remains recovered before relapse.
Monotone methods were introduced by Miiller(1926), Kamke(1932) [10] , Krasnoeselskli [11] and others for ordinary differential equations. Then, Hirsch develops in [8] the monotone dynamical systems theory. The theory was extended by Matano [12, 13] to the infinite dimensional case with the important idea of : " a strongly order preserving semi-flow " more flexible and practical than the strong monotonicity. After that, a synthesis of the Hirsch and Matano's approaches was presented in Smith and Thieme's articles, in this im-portant work, Hirsch and Matano's arguments were simplified and streamlined [19, 20, 21, 22] . Then, H.L.Smith summarized in [18] important results and definitions of the theory for both ordinary and delay differential equations. We quote also the important works of K.Niri et al. [9, 15] and M.Pituk [16] .
Our paper is organized as follows : In the next section, the main tools of monotone dynamical systems theory for scalar differential equations with constant delay are presented. Principal properties of the model are given in Section 3. The focus of Section 4 is on the main result of the paper : sufficient condition of global stability for the endemic disease equilibrium when γp > 1. In section 5, numerical simulations support our analytical conclusions.
Preliminaries :
2.1 Autonomous delay differential equations with constant delay :
Let ω > 0 and C = C 0 ([−ω, 0], R). We consider the scalar autonomous delay differential equation, DDE for short , defined by:
Where ϕ ∈ C is an initial value and x t is defined for all t ≥ 0 by :
The following theorem gives sufficient conditions for the existence and uniqueness of solutions : Theorem 2.1. [3, 7, 17] Let D be an open subset of C and suppose that f : D → R be continuous and lipschitzian in every compact subset of D. If ϕ ∈ D, then problem (2.1) has a unique solution defined for t ≥ −ω.
* an equilibrium of (2.1) and L = df (x * ), the linear DDE
is called the linearized system of (2.1) around the equilibrium x * .
The exponential ordering and the (SM µ ) property :
To introduce the exponential ordering, we define the positive cone C µ . For all µ > 0 put:
For all φ and ψ in C : φ ≤ µ ψ if and only if φ − ψ ∈ C µ .
We put φ < µ ψ when : φ ≤ µ ψ and φ = ψ.
Let now define the (SM µ ) property which is a sufficient condition for (2.1) to be strongly order preserving in (C, ≤ µ ) :
For (2.1) we denote (T ) the property :
T1: f maps bounded subsets of D to bounded subsets of R. The following Theorem is very useful for determining conditions of global stability, here E is the set of all equilibriums.
Theorem 2.3. Suppose that (SM µ )and (T) hold for(2.1), then the set of convergent points in D contains an open and dense subset. If E consists of a single point, then it attracts all solutions of (2.1). If D is order convex and E consists of two points, then all solutions converge to one of these. [18] . The model as presented in [24] 3 The model corresponding to a step function P(t):
In [24] the model was presented as in Figure 1 . S(t), I(t) and R(t) are the densities of individuals in the susceptible, infective and the recovered classes, respectively. We consider a closed community in which the birth rate b and death rate d are equal , thus b = d. λ > 0 is the average number of effective contacts of an infectious individual per unit time. γ > 0 is the recovery rate constant. P (t) is the fraction of recovered individuals remaining in the recovered class t time units after recovery. We suppose that P (t) is a step function, that is :
ω is the maximum relapse time.
As proved in section 6 of [24] , the model's equation is :
2) The following delay differential equation describes totally the system [24] :
3) I(t) satisfies ( 3.3 ) if and only if I is solution of the autonomous delay differential equation :
where: F : C −→ R such that :
In all this paper we denote D the set : {ϕ ∈ C/ (∀t ∈ [−ω, 0]) 0 < ϕ(t) < 1}. We recall some important properties of the system all taken from [24] : Theorem 3.2. If 0 < I(0) ≤ 1 then it follows that 0 < I(t) < 1 for all finite t > 0. We also have : If I(0) = 0, then I(t) = 0 for all t ≥ 0. If R 0 > 1 and 0 < I(0) ≤ 1 then the endemic equilibrium I * is globally asymptotically stable, provided that γp < 1 . Remark 3.6. 1 γ is the average infective time.p is the average time that an individual remains recovered before relapse or death. As noted in the introduction the condition γp < 1 is not realistic for herpes. The question is : Can we find a condition of the global stability of I * when γp > 1 ?
The present article is intended to serve that purpose. We note that in Appendix A of [24] , there is a brief presentation of the possibility to use the monotone dynamical systems theory in the study of that model. 
Since ϕ ≤ µ ψ, we have :
Then we have:
then the (SM µ ) property holds for (3.3).
Proof.
Let take a = λ + d + γ + λγω c = λγωe
−dω
and : h(µ) = µ − a − ce µω for all µ ∈ R. Then according to (4.1), for all µ ≥ d and for all ϕ < µ ψ in D we have: With (4.4) we conclude that :
Thus: the (SM µ ) property holds for (3.3).
Theorem 4.3. The (T) property holds for (3.3) on D.
We fist prove the following Lemma :
Lemma 4.4. Let A a compact subset of D, there exists ε > 0 such that :
Proof of Lemma 4.4
A is a compact subset of D, . is continuous on A.
∃ε ∈]0, 1[ such that ϕ 0 ∞ = 1 − ε and then we have :
) where :
There exist ϕ ∈ A and t" > 0 such that:
Briefly we have:
We have:
But : I (t 0 )< 0 is in contradiction with (4.5). Thus: (H 1 ) is false, and then we obtain : (∀ϕ ∈ A) (∀t > 0): Proof. All conditions of Theorem 2.3 are fulfilled. E consists of two points 0 and I * . Since R 0 > 1, the endemic disease equilibrium I * is locally asymptotically stable and 0 is unstable thus all solutions with initial value in D converge to I * . Global convergence to I * and the local stability of I * imply the global asymptotic stability of I * .
Remark 4.6. In the next section we will see that conditions of Theorem 4.5 can hold when γp > 1.
5 Simulations and discussions :
Simulations :
We illustrate Theorem 4.5 by the following simulations : Let take Let c the average number of contacts of an infectious individual per unit time and β the probability of transmission on each contact between an infectious and susceptible individual.
As λ is the average number of effective contacts of an infectious individual per unit time, we can write λ = βc.
Let see the situation of Theorem 4.5 for λ = 0.002 .
Example 5.1. We have: R 0 = 1.202222187 > 1, the endemic disease equilibrium is I * = 0.05617282972.
The condition ln (λγω 2 ) < −1 − ω(λ + γ + λγω) is fulfilled. with: γp = 1.9944548 > 1 which is more realistic for herpes. Figure 2 illustrates the convergence of the solution to the endemic equilibrium I * = 0.05617282972 with the initial value ϕ (t) = 0.5exp(t) for all t ∈ [−10, 0].
To observe the global stability let change the initial value, take for example ϕ (t) = 0.7exp(0.5 t) for all t ∈ [−10, 0]. Figure 3 shows that the convergence of the solution to the endemic equilibrium I * = 0.05617282972 subsists. A third initial value, take for example ϕ (t) = 0.7exp(7 t) for all t ∈ [−10, 0]. Figure 4 shows that the convergence of the solution to the EDE I * = 0.05617282972 subsists. As explained in those simulations, all solutions starting from D converge to the endemic disease equilibrium I * which is globally asymptotically stable even though γp > 1. 
Summary and Discussion:
The main purpose of this work was to apply monotone dynamical systems theory to study the global asymptotic stability of the endemic disease equilibrium for a three compartmental model with relapse where the spent time ω in one compartment appears as a discrete delay.
The study of the global stability is mainly based on Theorem 2.3 presented in section 2. The condition (SM µ ) once fulfilled , means that the system is a strongly order preserving for the monotonicity associated with the exponential order defined in section 2.2. The (T) property is not easy to be proved for epidemic systems, especially (T3).
The important question is : under what condition on the system's parameters, the (SM µ ) property holds ?. Inequality (4.3) was the answer, it doesn't suppose that γp < 1. The property (T) holds for that system without any restriction.
As illustrated in simulations, under conditions of Theorem 4.5, all solutions starting from D converge to the endemic disease equilibrium I * which is globally asymptotically stable even though γp > 1. Furthermore, the value of d does not appear in condition (4.3) . This work has shown that the monotone dynamical systems theory can solve problems that Lyapunov method could not do, and thus it enriches the tools for determining the stability conditions.
